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Section I 
 
10 marks 
Attempt Questions 1 to 10 
Allow approximately 15 minutes for this section 
 
Mark your answers on the answer grid provided. 
 
Questions Marks 

1. Which of the following expression best represents 4 ൅ 3𝑖 ?  1
  

 (A) 5𝑒ଷ଺.଺଻ଽ ௜ (B) 25𝑒଴.଺ସସ ௜ (C) 5𝑒଴.ଽଶ଻ ௜ (D) 5𝑒଴.଺ସସ ௜ 

 
 

2. The complex numbers 𝑧, 𝑖𝑧 and 𝑧 ൅  𝑖𝑧, where 𝑧  is a non-zero complex number, are plotted  1 
in the Argand plane, forming the vertices of a triangle. 

 Which of the following is the area of the triangle? 

 (A) |𝑧| (C) 
|௭|మ

ଶ
 

  

(B) |𝑧| ൅ |𝑧|ଶ (D) √ଷ

ଶ
|𝑧|ଶ 

 

3. Which of the following statement is true?  1 

 (A) ∀ 𝑥 ∈ ℝ,∃ 𝑦 ∈ ℝ such that 𝑥𝑦 ൌ 10 (C) ∃ 𝑥 ∈ ℝ, such that ∀ 𝑦 ∈ ℝ, 𝑥𝑦 ൌ 10 
 

 (B) ∃ 𝑥 ∈ ℝ, such that ∀ 𝑦 ∈ ℝ, 𝑥 ൅ 𝑦 ൌ 10 (D) ∀ 𝑥 ∈ ℝ,∃ 𝑦 ∈ ℝ such that 𝑥 ൅ 𝑦 ൌ 10 

 

4. Which of the following is the Cartesian equation for a sphere with centre ൭
1
2
െ2

൱ and radius 3?     1 

 
 

 (A) 𝑥ଶ ൅ 𝑥 ൅ 𝑦ଶ ൅ 2𝑦 ൅ 𝑧ଶ െ 2𝑧 ൌ 0 (C) 𝑥ଶ ൅ 2𝑥 ൅ 𝑦ଶ ൅ 4𝑦 ൅ 𝑧ଶ െ 4𝑧 ൌ 0 
 

 (B) 𝑥ଶ െ 𝑥 ൅ 𝑦ଶ െ 2𝑦 ൅ 𝑧ଶ ൅ 2𝑧 ൌ 0 (D) 𝑥ଶ െ 2𝑥 ൅ 𝑦ଶ െ 4𝑦 ൅ 𝑧ଶ ൅ 4𝑧 ൌ 0 
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5. On the argand diagram below, the twelve points 𝑃ଵ,𝑃ଶ,𝑃ଷ,⋯ ,𝑃ଵଶ are evenly spaced around  1 
the circle of radius 3.   

  

 

 

 

 

 
 

 

 Which set of points represent the solutions to 𝑧ଷ ൌ െ27 𝑖 ? 

 (A) 𝑃ଶ,𝑃଺,𝑃ଵଵ (B) 𝑃ସ,𝑃 ,𝑃ଵଶ (C) 𝑃ଷ,𝑃଻,𝑃ଵଵ (D) 𝑃ଵ,𝑃ହ,𝑃ଽ 

 

 

6. What is the value of                                  ? 1 
  

 

 (A)  (C) 0 
 
 
 

 (B)  (D)  

 

 

7. Which expression is equal to  1 
 

 (A) െ
ଵ

ଷ
𝑥ଶሺ1 െ 𝑥ሻ

య
మ ൅ 𝑐 

 (B) 
ଵ

ଷ
𝑥ଶሺ1 െ 𝑥ሻ

య
మ ൅ 𝑐 

 (C) െ
ଶ

ହ
𝑥ሺ1 െ 𝑥ሻ

ఱ
మ ൅

ଶ

ଷ
𝑥ሺ1 െ 𝑥ሻ

య
మ ൅ 𝑐 

 (D) 
ଶ

ହ
ሺ1 െ 𝑥ሻ

ఱ
మ െ

ଶ

ଷ
ሺ1 െ 𝑥ሻ

య
మ ൅ 𝑐 

 

Examination continues overleaf. .	.	
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8. Suppose 𝑧 ൌ 𝑝 ൅ 𝑖𝑞 is a solution of the polynomial equation   1 
 

𝑐ସ𝑧ସ ൅ 𝑖𝑐ଷ𝑧ଷ ൅ 𝑐ଶ𝑧ଶ ൅ 𝑖𝑐ଵ𝑧 ൅ 𝑐଴ ൌ 0 
  

 where 𝑝, 𝑞, 𝑐ସ, 𝑐ଷ, 𝑐ଶ, 𝑐ଵ and 𝑐଴ are real. 
 
 Which of the following must also be a solution? 

 

 (A) 𝑞 ൅ 𝑖𝑝 (B) െ𝑝 ൅ 𝑖𝑞 (C) െ𝑝 െ 𝑖𝑞 (D) െ𝑝 െ 𝑖𝑞 

 
 
 
 

9. The line ℓଵ has vector equation 𝑟ଵ
∼
ൌ 𝑖

∼
൅ 𝜆ሺ𝑗

∼
െ 𝑘

∼
ሻ and the line ℓଶ has vector equation  1 

𝑟ଶ
∼
ൌ ൬3𝑖

∼
൅ 2𝑗

∼
െ 𝑘

∼
൰ ൅ 𝜇 ቀ2 𝑖

∼
൅ 2𝑘

∼
ቁ, where 𝜆, 𝜇 ∈ ℝ. 

 Which of the following statements is correct?  

 (A)   ℓଵ and ℓଶ are parallel. (C)   ℓଵ and ℓଶ are perpendicular. 
 

 (B)   ℓଵ and ℓଶ intersect at a point. (D)   ℓଵ and ℓଶ are skew. 

 

 

10. A ball is thrown vertically up with an initial velocity of 7√6 msିଵ, and it is subject to gravity and air  1 

resistance. The acceleration of the ball is given by 𝑥ሷ ൌ െሺ9.8 ൅ 0.1 𝑣ଶሻmsିଶ, where 𝑥 metres is its 

vertical displacement from the point of projection, and 𝑣 msିଵ is its velocity at time 𝑡 seconds.  

 

Which of the following is the time, in seconds, taken for the ball to reach its maximum height?  

 (A) 
ଵ଴గ

ଶଵ√ଶ
 (C) log௘ 4 

  

(B) 
ହగ

ଶଵ√ଶ
 (D) 

గ

ଷ
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Section II 
 
90 marks 
Attempt Questions 11 to 16 
Allow approximately 2 hours and 45 minutes for this section. 
 
Write your answers in the writing booklets supplied. Additional writing booklets are available. 
Your responses should include relevant mathematical reasoning and/or calculations. 
 

Question 11 (13 marks)    Commence a New booklet Marks 
 

(a)  If                                         where 𝑎 and 𝑏 are real constants, find the values of 𝑎 and 𝑏. 2 

 

(b)  For real numbers 𝑎, 𝑏 ൐  0 prove that  
௔

௕
൅

௕

௔
 ൒ 2. 2 

 
 

(c) The complex number 𝑧 is given by 𝑧 ൌ െ𝑝 ൅ 𝑝𝑖,  where 𝑝 is a positive real number. 
 

  It is given that                   .  

i. Express 𝑤 in the form 𝑟𝑒௜ఏ, in terms of 𝑝, where 𝑟 ൐ 0 and െ𝜋 ൏ 𝜃 ൑ 𝜋. 2 

ii. Find the smallest positive whole number 𝑛 such that Re ሺ𝑤௡ሻ ൌ 0 . 2 

 

(d) The unit vectors along 𝐵𝐶ሬሬሬሬሬ⃗ ,𝐵𝐴ሬሬሬሬሬ⃗ , and 𝐵𝑄ሬሬሬሬሬ⃗  are 𝑖
∼

 , 𝑗
∼

 , and  𝑘
∼

 respectively with each of its magnitude 

1 cm.  𝑀 is the midpoint of 𝑃𝑆 of the rectangular prism.  

 

 

 

 

 

 i. Find  𝐷𝑀ሬሬሬሬሬሬ⃗  . 1 

 ii. Using vector method, find the size of ∠𝑄𝐷𝑀, giving your answer to the nearest degree. 2 
 

                                  .   

(e) Evaluate 2 

𝑖
∼

 

𝑗
∼

 𝑘
∼

 

Examination continues overleaf. .	.	
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Question 12 (13 marks)           Commence a New booklet Marks 

(a) Consider the statement: 
∀𝑥 ∈  ℝ ,   ሺ𝑥 ൒ 3ሻ  ⇒  ሺ𝑥ଶ ൐ 5ሻ 

  

 i. Write the contrapositive. 1 

 ii. Write the negation. 1 

 

(b) A motorist is travelling at a constant speed of 20 msିଵ. When the motorist reaches a horizontal section 
of the road, the brakes are applied. The combined retarding force from the brakes and the friction of the 
road, is proportional to the speed 𝑣 of the car. After travelling 80 metres along this section of the road, 
the speed of the car has fallen to 10 m𝑠–ଵ.  
 

 Let 𝑥 metres be the distance of the car from the start of the horizontal section. 

 i. Show that 𝑥ሷ ൌ െ𝑘𝑣 , where 𝑘 is a constant. 1 

 ii. Find the value of 𝑘. 2 

 iii. How long did it take for the speed to drop from 20 m𝑠–ଵ to 10 m𝑠–ଵ? Give the answer as  2  
an exact value.  

 

(c) Using partial fractions, show that                                             . 4  
 
                                               

 

(d) i. Sketch the graph of the set of points 𝑧 defined by |𝑧 െ ሺ3 െ 4 𝑖ሻ| ൌ 3, where 𝑧 ∈ ℂ. 1 

 ii. 𝑃 is a point on the graph drawn in part (i) such that the modulus of the complex number  1 
represented by 𝑃 is the smallest. 
 
Find the complex number represented by 𝑃 in 𝑎 ൅ 𝑖𝑏 form. 
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Question 13 (12 marks)         Commence a New booklet Marks 

(a) For integers 𝑎 and  𝑏 ,  prove that if 𝑎 ൅ 𝑏 is odd then 𝑎ଶ ൅ 𝑏ଶ is odd. 2 

 

(b)  Let 𝑓ሺ𝑥ሻ ൌ 𝑥 െ lnሺ1 ൅ 𝑥ሻ and 𝑔ሺ𝑥ሻ ൌ 𝑥 ൅ lnሺ1 െ 𝑥ሻ , where 0 ൑ 𝑥 ൏ 1. 

 i. By differentiating 𝑓ሺ𝑥ሻ, show that  lnሺ1 ൅ 𝑥ሻ ൏ 𝑥  for 0 ൏ 𝑥 ൏ 1. 2 

 ii. By differentiating 𝑔ሺ𝑥ሻ, show that  െ lnሺ1 െ 𝑥ሻ ൐ 𝑥  for 0 ൏ 𝑥 ൏ 1. 2 

 iii. Deduce from (i) and (ii) that 2 
 

lnሺ𝑛 ൅ 1ሻ െ ln𝑛 ൏  
1
𝑛

 ൏   ln𝑛 െ lnሺ𝑛 െ 1ሻ 

 for all positive integer 𝑛 ൐ 1. 

 

 iv. Hence or otherwise show that                                   .  2 

 
 
 

(c) One of the roots of the equation  3𝑧ଷ ൅ 13𝑧ଶ ൅ 20𝑧 ൅ 14 ൌ 0 is െ1 ൅ 𝑖.  2 

 Find the other roots of the equation. 

 

 

 

 

 

 

 

 

 

 

 

 

Examination continues overleaf. .	.	
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Question 14 (17 marks)          Commence a New booklet Marks 
 

(a) i. The line ℓଵ has Cartesian equation 𝑥 ൌ െ𝑦 ൌ
௭

ଶ
 . 1 

  Show that its vector equation is  𝑟
∼
ൌ ൭

0
0
0
൱ ൅ 𝜆൭

1
െ1
2
൱ , where 𝜆 ∈ ℝ.  

 

 ii. Write the vector equation of the line ℓଶ in the form 𝑟
∼
ൌ 𝑎

∼
൅ 𝜇𝑏

∼
  that passes  1 

through the point 𝐴 ሺ1, 1, 0ሻ and is parallel to the vector ൭ 
1
0
1
൱ , where 𝜇 ∈ ℝ. 

 iii. Find the acute angle 𝜃 between the lines ℓଵ and ℓଶ 1 
 

iv. Find the coordinates of the point of intersection 𝑁 of the lines ℓଵ and ℓଶ 1 
 

v. Find the shortest distance from the point 𝐴 to the line ℓଵ. 2 
 

 vi. Find the equation of a line ℓଷ which bisects the acute angle 𝜃 and passes through 𝑁   2 
such that the three lines ℓଵ, ℓଶ and ℓଷ lie on the same plane.   
[ You may consider the unit vectors of the directional vectors of lines ℓଵ and ℓଶ]. 

 

(b) Let                               , for 𝑛 ∈ ℤା. 
  

 i. Using integration by parts, show that  𝑛𝐼௡ ൌ ሺ𝑛 െ 1ሻ𝐼௡ିଶ, where 𝑛 ൒ 2. 2
  

 A sequence ሼ𝑥௡ሽ is defined by 𝑥௡ ൌ 𝑛𝐼௡𝐼௡ିଵ for 𝑛 ∈ ℤା. 
  

ii. Using part (i) or otherwise, show that 𝑥௡ାଵ ൌ 𝑥௡ . 1 

iii. Hence show that 𝑥ଵ ൌ 𝑥ଶ ൌ 𝑥ଷ ൌ ⋯⋯ ൌ 𝑥௡ ൌ 𝑥௡ାଵ ൌ
గ

ଶ
 . 2 

iv. Explain why 𝐼௡ ൑ 𝐼௡ିଵ . 1 
 

v. Using parts (ii), (iii) and (iv) or otherwise, show that                              for  𝑛 ∈ ℤା. 3 
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Question 15 (18 marks)       Commence a New booklet Marks 
 
(a) One end of a light spring of natural length 𝑙 m is tied to a fixed point 𝑃 at the ceiling and the other end  

to a particle of mass 𝑚 kg as shown in the diagram below.  
 
Assume there is no air resistance. 𝑔 is the constant acceleration due to gravity. 

 
 
 
 
 
 
 
 
 
 

 The particle is initially pulled down to a distance of 6 m from the ceiling and from there it is projected 
downwards at a speed of 3.5 msିଵ. The particle then oscillates vertically in simple harmonic motion. 
 
Let 𝑥 be the displacement of the particle from the ceiling.  

 

 For the particle, the force 𝑇 exerted by the spring is proportional to 𝑥 െ 𝑙, that is 𝑇 ൌ 𝑘ሺ𝑥 െ 𝑙ሻ newtons 
where 𝑘 is the stiffness of the spring which is a positive constant.  
 

i. Show that 𝑥ሷ ൌ െ
௞

௠
ቂ 𝑥 െ ቀ

௠௚

௞
൅ 𝑙ቁ ቃ . 1 

 ii Show that 𝑥 ൌ 𝑎 cosቆට
௞

௠
 𝑡 ൅ 𝛼ቇ ൅

௠௚

௞
൅ 𝑙 satisfies the differential equation in part (i),  1 

where 𝑎 and 𝛼 are constants. 
 

 It is given that 𝑚 ൌ 4 kg, 𝑙 ൌ 5 m,  𝑘 ൌ 49 Nmିଵ and 𝑔 ൌ 9.8 msିଶ. 

 iii. Find the center of motion. 1 

 iv Find the period and amplitude of the motion. 3 

 v. Find the values of 𝑇 at the extremes of the motion. 2 

 

  
 
 
 
 
 
 
 
 

Examination continues overleaf. .	.	
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(b)                     Marks 

 

 

 

 

 

 

 𝐶𝐷 is an altitude of the ∆𝐴𝐵𝐶 and 𝐻 is a mid point of 𝐶𝐷. 𝐴𝐻 and 𝐵𝐻 are produced to meet 𝐵𝐶 and  
 
𝐴𝐶 at 𝐸 and 𝐹 respectively.   
 

Let 𝑝
∼

 , 𝜆 𝑝
∼

  ሺ𝜆 ൐ 1ሻ  and 𝑞
∼

 be 𝐴𝐷ሬሬሬሬሬ⃗  ,𝐴𝐵ሬሬሬሬሬ⃗   and 𝐷𝐻ሬሬሬሬሬሬ⃗   respectively. Let 
஻ா

ா஼
ൌ 𝑟. 

i. Find 𝐴𝐶ሬሬሬሬሬ⃗   in terms of  𝑝
∼

  and 𝑞
∼

. 1 

 

ii. Show that                                        . 2 
 

iii. Using the fact that 𝐴,𝐻 and 𝐸 are collinear, show that 𝑟 ൌ 𝜆. 2 

 

It is given that |𝑝
∼

| ൌ 1 and |𝑞
∼

| ൌ 2  and 𝐻 is the orthocentre of the triangle ∆𝐴𝐵𝐶. 

[The orthocenter is the point where all the three altitudes of the triangle intersect each other]. 
 

iv. Using 𝐴𝐻 is perpendicular to 𝐵𝐶 or otherwise, find the value of 𝜆. 2 
 

v. Using the fact that 𝐵,𝐻 and 𝐹 are collinear or otherwise, find the ratio 𝐴𝐹:𝐹𝐶 3 

   

 

 

 

  

 ൌ 

 ൌ 
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Question 16 (17 marks)           Commence a New booklet Marks 

(a)  A food parcel is dropped vertically from a rescue helicopter which is 2000 metres above a group of 

stranded refugees in a war-torn country. After 10 seconds a parachute opens automatically.  

Air resistance is neglected for the first 10 seconds but then the effect of the open parachute applies a 

resistance of 2𝑀𝑣 newtons where 𝑀 kg is the mass of the parcel plus parachute and 𝑣 msିଵ is the 

velocity after 𝑡 seconds ( 𝑡 ൒  10 seconds). 

 Take the position of the helicopter to be the origin, the downwards direction as positive and  

the value of 𝑔, the acceleration due to gravity, as 10 msିଶ. 

 i. Show that the velocity of the parcel at the end of 10 seconds is 100 msିଵ and the distance  2 

fallen at the end of 10 seconds is 500 metres. 

 ii. Show that the velocity of the parcel after the parachute opens is given by  2 

𝑣 ൌ  5 ൅  95𝑒ିଶሺ௧ – ଵ଴ሻ 
for 𝑡 ൒  10. 

 iii. Find 𝑥, the distance fallen as a function of 𝑡. 2 

 

 

(b) Two sequences 𝑢ଵ,𝑢ଶ,𝑢ଷ,⋯  and 𝑣ଵ,𝑣ଶ, 𝑣ଷ,⋯ are given by 

𝑢ଵ ൌ 1,   𝑣ଵ ൌ 1  and 

 𝑢௡ାଵ ൌ 𝑢௡ ൅ 3𝑣௡ ,   𝑣௡ାଵ ൌ 2𝑢௡ ൅ 7𝑣௡ 

 for positive integers 𝑛.  
 

 i. Using Mathematical induction, prove that 2𝑢௡ଶ െ 3𝑣௡ଶ ൅ 6𝑢௡𝑣௡ ൌ 5 for all positive integer 𝑛. 2 
 

 The sequence 𝑟ଵ 𝑟ଶ, 𝑟ଷ,⋯ is such that 𝑟௡ ൌ
௨೙
௩೙

  for positive integers 𝑛. 

 It is given that as 𝑛 →  ∞ ,   𝑣௡ → ∞ and  𝑟௡ → 𝐿  for some real constant 𝐿. 
  

 ii. Using the result in (i) or otherwise, show that 𝐿 ൌ
ଵ

ଶ
ሺ√15 െ 3ሻ.  2 

 

 

Examination continues overleaf. .	.	
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(c) Let 𝜔 ൌ cos
ଶగ

ଷ
൅ 𝑖 sin

ଶగ

ଷ
 and                    , where 𝑛 is a positive integer. Marks 

 

It is given that 1 ൅𝜔 ൅ ωଶ ൌ 0. It is also given that  𝑆௡ ൌ 0 if 𝑛 is multiple of 3. (DO NOT prove this). 
 

i. Find  𝑆௡ if 𝑛 is a not multiple of 3. 2 
 

ii. Prove that there exists no integer 𝑚 such that ሺ𝑆ଶ଴ଶଶ ൅ 𝑆ଶ଴ଶଷ ൅ 𝑆ଶ଴ଶସሻ௠ ൌ 2 . 2 
 

iii. Find all positive integers 𝑘 such that ሺ𝑆௡ሻ௞ ൅  ሺ𝑆௡ାଵሻ௞ ൅  ሺ𝑆௡ାଶሻ௞ ൌ 2 .   3 
 

 

 

 

 

 

 

 

 

End of paper 
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